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In this paper, we give a new genus-3 topological recursion relation for Gromov- 
Witten invariants of compact symplectic manifolds. This formula also applies to 
intersection numbers on moduli spaces of spin curves. A by-product of the proof 
of this formula is a new relation in the tautological ring of the moduli space of 
Q . 1-pointed genus-3 stable curves. 
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Abstract 



Let M-g^n be the moduli space of genus-g stable curves with n marked points. It is 
well known that relations in the tautological rings on M. g , n produce universal equations 
for the Gromov-Witten invariants of compact symplectic manifolds. Examples of genus- 1 
and genus-2 universal equations were given in |Gelj . |Ge2j . and [BP] . Relations among 



j> ■ known universal equations were discussed in [L2j . It is expected that for manifolds with 
semisimple quantum cohomology, such universal equations completely determine all higher 
genus Gromov-Witten invariants in terms of its genus-0 invariants. This has been proven 
for the genus-1 case in [DZ] and for the genus-2 case in [Llj . However for genus bigger 
^ \ than 2, no explicit universal equations had been found except for those which follow from 
an obvious dimension count. The main purpose of this paper is to introduce a new genus-3 

^ ■ universal equation, namely, a genus-3 topological recursion relation. 

i > ■ 

Associated to the Gromov-Witten invariants of a compact symplectic manifold M is 
its big phase space, a product of infinitely many copies of H*(M;C). We will choose a 
basis {7 a | a = 1, . . . , N} of H*(M; C). The quantum product Wi o W 2 of two vector 
fields Wi and W 2 on the big phase space was introduced in [Llj . This is an associative 
product without an identity element. An operator T on the space of vector fields on the 



big phase space was also introduced in [Llj to measure the failure of the string vector 
field to be an identity element with respect to this product. This operator turns out 
to be a very useful device to translate relations in the tautological rings of M. 9t n into 
universal equations for Gromov-Witten invariants. We will write universal equations of 
Gromov-Witten invariants as equations among tensors (( Wi • • • Wfc )) g which are defined 
to be the k-th covariant derivatives of the generating functions of genus-g Gromov-Witten 
invariants with respect to the trivial connection on the big phase space. We will briefly 
review these definitions in Section^ for completeness. 
The main result of this paper is the following theorem. 

*Research of the first author was partially supported by NSF grant DMS-0204824. 
^Research of the second author was partially supported by NSF grant DMS-0505835. 
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Theorem 0.1 For Gromov-Witten invariants of any compact symplectic manifold, the 
following topological recursion relation holds for any vector field W on the big phase space: 

«T 3 (W)» 3 

- — « WT( 7a o 7 a ) » 2 + £ (( T(7a) {W o 7 a } » 2 



252 " w ' ' 42 

1 3 1 

" 1&4 (( {W ° 7 " ° 7 ° } ))2 + 280 (( Wl ° })l « 7a {t ° 7 ^ ^ 
23 47 

"5040 (( 7 ° })l « 7aW ^ ° 7 ^ »i " 5040 (( 7 " })l « 7a7 »i (( 7 ^ W 7 " 7 - )} ° 
"1008 (( ^ })l « 7a/7/?7 " »o « ^ »! + 504 « 7 ° »i « 7«WV7/ 9 y » « 7, )) x 

+ m ^ 707/3 ^ ((7a {7/3 m })i " 4 ((7 ° })i « 7q7 " ^ (( {73 m })i 

+ TJ]5 (( W7 ° })l (( {7q ° lp} })l « 7/3 »i + 2^ (( 7 " })l « 7a W7 " 7 " »o « 7/3 »i (( 7, »! 

" 2T0 (( 7 ° })l « 7a7 " {7/3 w} ^ + lio « w 7Q7 " ^ (( {7a ° 74 })l 

+ 140 « 7Q7 " »i (( lal " WY ))o (< 7 " })l " 140 « 7a7 " »i (( {7a ° 7/3} W })l 
1 1 3 

"4480 (( W7 ° })l « 7a7/37 7 - 7 " »o + 8064 (( 7 ° })l « ^WtV^, »o 
' " W7V » a (( 7a7/37 M 7„ » + 4^ « tV )), « 7«7/W7„ » 



2240 ' ' "i " ilJ 1 6720 
•-^ « W 7 Q 7a / 7/37 ^ » - ^ « {W o 7 «} », « 7a / 7/3 )> 1 

^ « m a i* {V s o 7/3 } » l - -L « r7a7 /3 )}i (( 7/3VV7 ^ >)c 



5760 u ' HJ 7/1 2688 

"5bl0 « rial " ° W} »i + WSO (( W7a7 ^ })l « »o 
+^(( 7 ^ 7 ,)) 1 «W 7 a 7 V» - (1) 

A by-product of the proof of this theorem is a new relation in the tautological ring of M.^,i 
which will be given in Section El This relation is equivalent to the genus-3 topological 
recursion relation. 

The main idea behind the proof of Theorem 10. H is that universal equations for Gromov- 
Witten invariants can be written as linear combinations of finitely many terms of a given 
dimension each corresponding to a boundary stratum, suitably decorated, in M. g>n . The 
goal is to determine the coefficients in these linear combinations. Suppose that all of the 
Gromov-Witten invariants of a particular manifold are known then since these invariants 
must satisfy the universal relations, it will imply relations between these coefficients. 

In the case of our genus-3 topological recursion relation, the Gromov-Witten invariants 
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of a point and of CP , both of which are complete known, completely determine the 
coefficients and, hence, this universal relation. This method may be adapted to obtain 
more universal equations of any genus and will be explored in a future paper. 

Finally, we observe that these universal equations not only apply to Gromov-Witten 
theory but also to other cohomological field theories, in the sense of Kontsevich-Manin, 
such as r-spin theory |JKVj where r > 2 is an integer. The correlators in r-spin theory 
are intersection numbers on the moduli space of r-spin curves, (cf. |JKVj ). r-spin theory 
is interesting because of the generalized Witten conjecture which states that its big phase 
space potential function solves the r-th KdV integrable hierarchy. When r = 2, this 
reduces to the ordinary Witten conjecture jffij proven by Kontsevich jK]. While this 
conjecture has been proven in special cases for general r in low genus, it is still open 
in general. Since equation ((TJ) also applies to r-spin theory, we use it to calculate some 
correlators in this theory. 

After the completion of this paper, the preprint |ALj appeared in which a topological 
recursion relation equivalent to ours on JAs t i was obtained assuming that the so-called in- 
variance conjectures hold. However, since these conjectures have not yet been established, 
their work does not yet prove that our topological recursion relation holds on 
Acknowledgments. The authors would like to thank Andreas Gathmann for allowing 
them to use his computer program for computing Gromov-Witten invariants of CP 1 based 
on the Virasoro constraints. We would also like to thank the Institut des Hautes Etudes 
Scientifiques for their hospitality and financial support where this paper was initiated, 
and the Focus on Mathematics Program at Boston University for the usage of their main 
server whether they are aware of it or not. 



1 Preliminaries 

Let M be a compact symplectic manifold. The big phase space is by definition the infinite 
product 

oo 

P := Y[H*{M; C). 

n=0 

Fix a basis {70, . . . ,7iv} of PP(M; C), where 70 is the identity element, of the ordinary 
cohomology ring of M. Then we denote the corresponding basis for the n-th copy of 
H*(M; C) in P by {r n (7 ), . . . , T n (7jv)}- We call r n (7 Q ) a descendant of^a with descendant 
level n. We can think of P as an infinite dimensional vector space with a basis {r n (7o,) | 
< a < N, n e Z> } where Z> = {n E Z | n > 0}. Let (t° | < a < N, n e Z> ) 
be the corresponding coordinate system on P. For convenience, we identify r n (7 a ) with 
the coordinate vector field on P for n > 0. If n < 0, T n {^ a ) is understood to be the 
vector field. We also abbreviate To(7 Q ) by j a . We use r + and r_ to denote the operators 
which shift the level of descendants by 1, i.e. 

^ fn,oJ~n{^1a) J ^ ^ fn,a Tn±l(7a) 
\ n,a / n,a 
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where f n<a are functions on the big phase space. 

We will adopt the following notational conventions: Lower case Greek letters, e.g. a, 
P, /i, u, a,..., etc., will be used to index the cohomology classes on M. These indices 
run from to N. Lower case English letters, e.g. i, j, k, m, n, etc., will be used to 
index the level of descendants. These indices run over the set of all non-negative integers, 
i.e. Z> . All summations are over the entire ranges of the corresponding indices unless 
otherwise indicated. Let 



J M 

be the intersection form on H*(M,C). We will use rj = {r] a p) and r]^ 1 = (r] al3 ) to lower 
and raise indices. For example, 

l a ■= *7°V 

Here we are using the summation convention that repeated indices (in this formula, (3) 
should be summed over their entire ranges. 
Let 

( r ni ( lai )r n2 ( la2 ) . . . T nk (ja k ) ) gA ■= I IJ^" 1 U eVi *^) 

J[M g , n (M;d)] vilt j=1 

be the genus-g, degree d, descendant Gromov-Witten invariant associated to j ai , . . . ,7 Qfc 
and nonnegative integers ni, . . . , n k (cf. jWj, |RTj . |LiTj ) . Here, M. g ^{M; d) is the moduli 



space of stable maps from genus-g, fc-pointed curves to M of degree d G H 2 (M;Z). 
is the first Chern class of the tautological line bundle over A4 g ^(M; d) whose geometric 
fiber over a stable map is the cotangent space of the domain curve at the i-th marked 
point while ev ; : M. gn [M\ d) —> M is the z-th evaluation map for alH = 1, . . . , k. Finally, 
[A4g jn (M; d)] vlvt is the virtual fundamental class. The genus-g generating function is 
defined to be 

F S = E^ E C-"-C fe E tfMl^TnM ■■■Tn h (la k )) g4 
' a u ...,a k deH 2 (V,Z) 
ni,...,n k 

where q d belongs to the Novikov ring. This function is understood as a formal power 
series n the variables { t% } with coefficients in the Novikov ring. 
Introduce a fc-tensor (( )) defined by 

k 

d k 

(( Wl W2 ■ • • Wfc )) g ■— ^ ] f mi,ai ' ' ' f m k ,a k o,ai a,« 2 fU ak 

mi,ai,...,m k ,a k 

for vector fields Wj = J2 m a fm,a where f l ma are functions on the big phase space. 
This tensor is called the k-point (correlation) function. 
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For any vector fields Wi and W 2 on the big phase space, the quantum product of Wi 
and W 2 is defined by 

W l0 W 2 := ((WiW 2 7 Q ))o7 a - 

Define the vector field 

T(W) :=r + (W)-((W» 7« 

for any vector field W. The operator T was introduced in |Llj as a convenient tool in 
the study of universal equations for Gromov-Witten invariants. Let ipi be the first Chern 
class of the tautological line bundle over M. 9) k whose geometric fiber over a stable curve is 
the cotangent space of the curve at the i-th marked point. When we translate a relation 
in the tautological ring of M. g ,k into differential equations for generating functions of 
Gromov-Witten invariants, each ij) class corresponds to the insertion of the operator T. 
Let V be the trivial flat connection on the big phase space with respect to which r n (7 a ) 
are parallel vector fields for all a and n. Then the covariant derivative of the quantum 
product satisfies 

Vw 3 (Wi o W 2 ) = (Vyv 3 Wi) o W 2 + Wx o (V Ws >V 2 ) + (( W 1 W 2 W 3 7° »o 7a 

and the covariant derivative of the operator T is given by 

V W2 T(Wi) = T(V W2 Wi) - W 2 o Wi 

for any vector fields Wi,W 2 and W3 (cf. [L II Equation (8) and Lemma 1.5]). We need 
to use these formulas in order to compute derivatives of universal equations. 

2 Proof of the genus-3 topological recursion relation 

The cohomology class ipf vanishes on A4 9t i due to a result of Ionel (cf. jEj). It was proven 
in |GVj and [To] that ipf on M. 9) i is supported on the locus of curves which has at least 
one genus-0 component. Furthermore, by a result of Faber and Pandharipande |FPj . ip{ 
is equal to a class from the boundary strata which is tautological, and therefore is a linear 
combination of products of if) and k classes and fundamental classes of some boundary 
strata. For g — 3, k classes do not occur in this linear combination since components of 
curves in the boundary strata have genus at most 2 and K\ can be represented as linear 
combinations of ip classes and fundamental classes of boundary strata on the moduli 
spaces of stable curves of genus less than or equal to 2 (cf. |AGj ). Therefore, it follows 
that ip\ on M.2,,1 can be written as a linear combination of products of the tp classes and 
the fundamental classes of some boundary strata. By taking into consideration the genus- 
and genus-1 topological recursion relations as well as Mumford's genus-2 relation, we 
can translate these results into the following universal equations with unknown constants 

Ol> • • • j a 30 : 

= $(W) 

:= -«T 3 (W)» 3 
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+ ai (( T(W) { la o 7 a } )) 2 + a 2 « WT( 7a o 7 a ) )) 2 

+a 3 (( r(7°) » 2 « 7* W 7^ 7/3 » + a 4 (( T( 7 a ) )) 2 (( { la o W} )), 

+a 5 (( {W o 7q o 7 «} )) 2 + a 6 (( W 7 a »! « la {l P o 7/3 } » x 

+a 7 « l a »! « 7.W {7^ o 7/3} » x + a 8 (( 7 a )) x « 7a7 " » 1 (( 1P W 7 M 7 „ » 

+a 9 ((W7 t, )> 1 ((7a7V)} ((T,)>, 

+«io (( 7° »! « IcW-flfTf » (( 7, »! + an « 7V »j (( 7* {7/3 ° W} »i 
+«i2 ((7 Q )) 1 «7.7 /3 » 1 (({7/3oW})) 1 
+«i3 ((W 7 a )} 1 (({7«o^})) 1 «/» 1 
+au (( l a » ! « 7a W 7^ 7 M » (( 7/3 )) x (( 7m )) ! 

+ai 5 (( 7° })i « 7«7 /3 {7/3 o M + ai 6 « W 7V » x (( {7a ° 7/3} » a 
+air « 7 a 7 /? »! (( 7.7/3 W7* » (( 7, )) x + o u « 7V » 1 (( {l* ° 7/3} W » a 
+ai 9 (( W 7 Q )) x « 7a 7/37 /3 7/^ » + «2o (( 7* »i « 7aW 7 S7 M 7„ » q 
+a 21 « W 7 V » a (( T a7/37% » + ^2 « Tl P )) x (( 7*7/3 W 7 ^ » 
+a 23 « Vt^WV^ » + a 24 (( {W o 7 "} » x « 7^7/3 » 1 
+a 25 « W 7 a 7a {/ o 7/3 } » 1 + a 26 « 7 c *7a7 /3 )) 1 ((7^7%, )) 
+a 27 « 7 a 7a7 /? {7/3 ° W} » X + «28 (( T(rf a ) {W o 7 "} )) 2 

+a 29 (( W7.7/37,, ))x « 7°7 /3 7 /i » + ^30 (( 7«7/37„ »x « W7V7" » (2) 

where W is any vector field on the big phase space. 

Using the genus-2 equation discovered by Belurousski-Pandharipande |BPj . we can 
write 

«T(W) {7 a o 7 Q })) 2 

as a linear combination of other terms on the right hand side of equation (j2J) (cf. |L1[ 
Equation (21)]). Therefore, we can set 

ai = 0. (3) 

Note that equation (J2J) holds for any compact symplectic manifold. However, we shall see 
that the Gromov-Witten invariants of a point and of CP 1 already completely determine 
the coefficients a 2 , . . . , a 30 . 

2.1 Relations obtained from the Gromov-Witten invariants of a 
point 

When the target manifold is a point, all stable maps must necessarily have degree 0. 
Hence, we will omit any reference to the degrees of these Gromov-Witten invariants. In 
fact, the moduli space of stable maps into a point is isomorphic to the moduli space of 
stable curves. 
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Since the cohomology space of a point is one dimensional, coordinates on the big phase 
space are simply denoted by t , ti, t 2 , ■ ■ ■ ■ We also identify vector fields with r m on 
the big phase space. 

Gromov-Witten invariants of a point obey the string equation 



( T T m ••• T nk ) 

and the dilaton equation 

( Ti T ni 



T nj - 1 ■ • • T n k ) d + ^^5^,2^1,0^2,0 



T n k ) g = (2g - 2 + k) ( T ni ■ ■ ■ r nk ) g + ^ S 9 ,ih,o- 



We can use these two equations to compute Gromov-Witten invariants involving only To 
and T\. More complicated Gromov-Witten invariants of a point can be computed using the 
Virasoro constraints, or equivalently the KdV hierarchy which were conjectured by Witten 
and proven by Kontsevich (cf. [W] and [K])- To determine the coefficients a 2 , . . . , a 30 in 
equation (JIJ, we will only need the genus-2 invariants 



1 



1152 

and the genus-3 invariants 
1 



(r 7 ) 3 - 
(r 4 r 4 ) 3 = 



82944' 
607 



1451520' 
583 



T 2 T 2 T 2 T2T 3 ) 



96768 
193 



( r 2T 6 ) 3 = 
( T 2 T 2 T 5 ) 3 = 

(r 2 r 2 r 2 r 4 ). 



29 
5760' 



77 



414720' 
17 



5760' 
53 



1152' 



( r 2T 2 T 2 ) 2 
( r 3T 5 ) 3 = 

( t 2 t 3 t 4 ) 3 = 
(t 2 t 2 t 3 t 3 ). 



7 
240 



503 



1451520' 

1121 
" 241920' 
205 



3456' 



3 288' 

All other invariants needed to determine the coefficients a 2 , ... , a 30 can be computed from 
the string and dilaton equations. 

We will compute derivatives of $(r m ) restricted to the origin t = of the big phase 
space. By equation (J2J), these values must all be equal to zero. We thus obtain some 
linear relations between the coefficients a 2 , . . . , a 30 in equation (JTJ). 



From <&(t 4 ) 



\t=o- 



0, we obtain 



1 a 2 a 25 , a 29 

h a 23 H . 

82944 384 24 24 



From T5$(ro) |*=o= 0, we obtain 

503 



a 2 CL^j (225 CL 2 7 a 2 8 a 2 g 

1451520 288 1152 ° 23 24 24 288 24' 



(4) 



(5) 
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From T4<&(ti) \t=o— 0, we obtain 

607 Q>2 O3 _ O25 *^26 ^29 ^30 /^\ 

= -145T5^ + 96 + 384 +5a23 + -6- + 24 + -6- + 24- (6) 
From T3$(r 2 ) | £=0 = 0, we obtain 

503 29a 2 a 6 . ais % , «22 , 1(1 . 7a 25 , 7a 29 . . 

From r 2 $(r 3 ) | £=0 = 0, we obtain 

77 29a 2 a 7 a i6 a 20 a 2 i . in . 7a 25 7a 29 
° = -414720 + 1440 + 576 + 576 + 24 + 24 + 10023 + + ^T' (8) 

From t 3 t 3 Q(t ) \ t =o= 0, we obtain 

583 29a 2 29a 5 a 6 a ±1 ai 8 aig a 22 
'' ~ 96768 576 2880 288 288 288 12 12 

+ 20a 23 + ^ + ^ + ^ + ^. (9) 
3 12 12 576 12 v ; 

From r 2 r 4 ( l > (ro) | f=0 = 0, we obtain 

1121 lla 2 _a3_ a 4 IIQ5 _a7_ oi5_ aie_ 020 
241920 288 384 9216 1440 576 576 576 24 
a 2 i a 2 4 lla 2 5 a 2 6 lla 2 7 , 11^28 , HQ29 , 030 , iri , 

+ 24 +15a23 + 576 + ^r + 24 + ^r + w + ^r + 24- (l0) 

From r 2 r3$(ri) 1 1=0 = 0, we obtain 

ll2l 29a 2 29a3 aa a 7 a« am an ais 

= 1 H H — H — H — + — + — + — 

241920 288 1440 288 192 576 192 576 288 

. °i9 . a 2o . °2i . ^22 . ^ n . 35a 2 5 7a 2 6 35a 2 g 7a3o , , 

H h 60a 2 q H . 11 

12 6 8 8 23 24 24 24 24 K J 

From r 2 r 2 $(r 2 ) 1 1=0 = 0, we obtain 

17 7a 2 a 6 a 7 a 9 aio ai3 ai6 

~5760 ¥ 144 72 288 288 6912 72 
ai 8 aig a 20 a 2 i a 22 

144 X ~2~ IT IT 

From t 2 t 2 T3<I>(t ) | t= o= 0, we obtain 

205 5a 2 29a3 29a 4 da* Or 7a 7 a 8 an a 10 

= + — + - + + — + — + — + — + — + — 

3456 12 720 17280 72 72 288 288 288 288 

an 012 ai3 7ai5 7ai6 ai 7 a±s 5aig 5a 2 o 7a 2 i 5a 22 

72 6912 6912 288 288 288 72 ~12~ ~6~ ~\2 ~12~ 

7a 24 59a 25 7a 26 59a 27 5a 28 59a 29 7a 30 , . 

+210a 23 + — + — + — + — + — + — + — . (13) 
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From r 2 r 2 r2 < I ) (ri) | f=0 = 0, we obtain 

53 7(39 7g 3 Or 0,7 Os (Xa din Ol 3 O14 (Jlfi 

= + — + — + — + — + — + — + — + — ii- + _i±- + — 

1152 8 48 24 12 48 48 32 1152 2304 12 

^ + H + ^ + 1 X £ + 2« 2 i + ^ + 630a 23 

+ 12a 25 + 2a 26 + 12a 29 + 2a 30 . (14) 
From t 2 t 2 t 2 t 2 $(to) 1 1=0 = 0, we obtain 

193 49a 2 7a3 7a4 7as a 6 a 7 a 8 % Qio Qn 

U ~ 288 12 12 288 12 6 3 12 12 8 6 

. °i2 . O13 ai4 ai 5 a 16 a 17 ai 8 

H h oaio + 15a 20 + 8a 2 i + oa 22 

288 288 576 3 3 12 6 

+2520a 23 + ^ + 48a 25 + 8a 26 + 48a 27 + + 48a 29 + 8a 30 . (15) 

2.2 Relations obtained from the Gromov-Witten invariants of 

CP 1 

When the target manifold is CP 1 , the degrees of the stable maps are indexed by H 2 (CP 1 ; Z) 
Z. The degree d part of any equation for generating functions of Gromov-Witten in- 
variants is the coefficient of q d in the Novikov ring. We choose the basis {70,71} for 
H*(CP 1 ;C) with 70 G PT^CP^C) being the identity of the ordinary cohomology ring 
and 71 G PT 2 (CP X ; C) the Poincare dual to a point. Coordinates on the big phase space 
are denoted by {t^t^ | n G Z + }. We identify vector fields -JL- and -Mr with r n0 and r n 1 
respectively. We also define T n>a = if n < 0. 

The Gromov-Witten invariants of CP 1 obey three basic equations: the string equation 

k 

( T~0,0 Tni,ai ' ' ' r n k ,a k ) g d = ( Tni,ai ' ' ' T nj -i jaj • • • T nfe)Q , fc 

3=1 

+^9,0^,0^fc,2^ni,0^n2,0^ai+a2,l, 

the dilaton equation 

( r l,0 r m,ai • • • T n k ,a k ) g jd = (2# ~ 2 + k) ( r„ ljCtl • • • T nfcjQfe ) ffjd + — 5g,l5fc,0^,0, 



and the divisor equation 

( r 0,l r ni,ai ' ' ' T n k ,a k ) = d (T ni)Q1 • • • T nfe)Q , fc 



+^,0^,0^,2^711,0^2,0^1,0^2,0 — 24 ^S,l^d,0^fc,0- 
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We can use these three equations to compute Gromov-Witten invariants involving only 
r 0i o, t 10 , and r 01 . More complicated Gromov-Witten invariants for CP 1 can be computed 
using the Virasoro constraints which was conjectured in |EHXj and proven in |Gij . A 
computer program for computing such invariants based on the Virasoro constraints was 
written by Andreas Gathmann (cf. |Ga| ). To determine a^, ■ ■ ■ 030 in equation (0), we only 
need a small number of such invariants. In Appendix [X] we will list all of the necessary 
invariants which are obtained from Gathmann's program. 

To obtain more relations on 02, • • -030 in equation (0), we will compute derivatives of 
$(Tm,a) at the origin of the big phase space t = 0. From degree part of ^(ti^) \t=o= 0, 
we obtain 

q _ 31 Oi3 0,14 Qgx 

~ 967680 13824 13824' 1 ' 

From degree part of $(r 2i o) |t=o— 0, we obtain 

41 7a2 O7 Clio 0,13 a 16 ,^~\ 

+ T^R + T^Z + 7^ + T^TR + 7^- ( 17 ) 



290304 960 288 288 6912 288 
From degree 1 part of 3>(t 3j i) | £=0 = 0, we obtain 

q 1 7fl2 _ a-j flip Oi3 



322560 2880 288 288 13824 

14 Ol6 a 20 . o . a 25 . a 29 

+ 8a 23 + — + 



13824 288 6 6 12 v ' 

From degree part of t 2j i ( £(to ) o) |t=o— 0, we obtain 

31 704 Oi2 Oi3 a 14 , . 

~ 96768 ~ 46080 ~ 13824 ~ 13824 ~ 13824' [ ' 

From degree part of t 3i o$(to i o) \t=o— 0, we obtain 

1501 + 1^1 + fl4 + 7a 5 + 1 a io , 012 



725760 720 1920 2880 288 288 6912 

Ql3 _|_ a 15 _|_ Ql6 _|_ Q 24 _|_ 7fl28 ^2Q^ 



6912 288 288 288 720 

From degree part of t 2j o$(ti,o) \t=o— 0, we obtain 

2329 7a2 7a3 ag 07 o« Og a w 
= + — + — + — + — + — + — + — + 



1451520 240 960 288 96 288 288 96 1728 

0-14 0-16 a 17 a 18 /2j\ 

2304 96 288 288' ^ j 

From degree 1 part of T 3i i$(r 0i i) |t=o= 0, we obtain 

q _ 31 704 70s _ a 7 _|_ a 10 a 12 0-13 &14 



96768 138240 2880 288 288 13824 13824 13824 

Ol6 a 20 . &2A . «25 . a 27 . 7fl28 , 0-29 «30 / nn x 
+ 8fl 23 - 777777 H 7, 1 — 77T ~l~ 7T77T + "777"- ( 22 J 



288 6 288 6 12 1440 8 24 
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From degree 1 part of T4 i o < £(to,i) \t=o— 0, we obtain 

277 a2 13a4 as 07 
207360 + 360 ~~ 46080 ~ 120 ~ 14^ 



Ol2 

- H — + 


ai3 


a 14 


ai5 


4 13824 


13824 


13824 


144 


<227 H a 28 


+ f + 


°30 




6 720 


12 ' 





a 16 a 20 . 1C a 24 . 0-25 , "-z< — ze . -zy . -ou /00 x 

77 + 16 «23 — 777 ^ o ' E 7T7" + + 777- ( 23 ) 



144 6 iJ 144 2 

From degree 1 part of T3 i i$(ri ; o) |t=o— 0, we obtain 

41 _ 7a2 _ 7a 3 _ oq_ _ _as_ _ag_ «io Q13 «i4 



193536 720 2880 288 96 288 288 96 4608 13824 



a 9 


+ 


a 10 


+ 


Ol3 


288 


96 


4608 


2«25 

3 


+ 


a 26 

IT 


+ 


T + 



ai 6 a 17 ai 8 a w 2a 2 o , .„ , 2a 2 5 a26 . ^29 . a 30 rrtA \ 

"96 " 288 " 288 -T ~ ~ + ^ + ~ + T + T + W ^ 

From degree 1 part of T2 i i$(t 1)1 ) | t= o= 0, we obtain 

1 7a 3 7a4 (Zg (Z7 (Zg CLg ^10 ^12 



46080 960 46080 288 288 288 288 96 13824 
a 13 ai6 aig 020 % , „, , 025 . 0-29 . 030 / or N 

+ 6912 - 288 -T-T-T2 +24a23 + -6T + T + 24- (25) 
From degree 1 part of r 3i0 <l>(r 1)1 ) | t=0 = 0, we obtain 

^ 83 _ 7a2 _ % Q4 7a 5 _ _ae_ _ 5a7 _ aio a i2 



193536 720 40 1920 2880 144 288 144 288 6912 

7ai3 5<2i4 CI15 5a 16 a 17 a 18 a 19 2a 2 o 022 . r „ 

H h 56a 23 

13824 13824 288 288 144 144 6 3 6 

. a 24 . «26 . 7a 2 8 7a 2 g /rta\ 

H h a 2 ^ . 26 

288 25 6 720 12 K J 

From degree 1 part of t 2j i ( 3>(t2 i o) \t=o— 0, we obtain 

19 CL2 7a,4 a« 5a7 a y am ciu 
= 1 — H — + — - + — + 



138240 320 46080 144 288 144 288 13824 
ai3 5ai 6 aig a 2 i a 2 g / _s 

+ 6912" 288 +^-^--^ + 72a 2 3 + a2 5 + -. (27) 

From degree 1 part of ri i i$(r2,i) |t=o= 0, we obtain 

7fl2 O7 5(3^o ^13 ^14 0,16 







960 288 288 3456 2304 288 

2a 2 o 021 . nA , a 25 . «29 / 00 n 

- 777 + 24a 23 + — + — . (28) 



3 12 6 6 

From degree 1 part of T2 i o$(t 2i i) \t=o= 0, we obtain 

1 CZ2 7a3 7a4 OjQ O7 Clg Og CZ10 O12 



= 



15360 240 960 46080 288 96 288 288 288 13824 

ai4 5ai 6 ai7 ai8 2a 2 o ^22 . nr . . 0*29 /rin \ 

H h 72a 23 + aos H . 29 

2304 288 288 288 3 6 3 5 2 1 ; 
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From degree 1 part of Ti^t&^o) \t=o= 0, we obtain 

1 107(22 a 7 a io 7ai3 5<2i4 a 16 

~ 46080 ~ 2880 ~ 32 + 288 + 13824 + 13824 ~ 32 

5a 2 o , 0,21 , „ . 5a 2 5 7a 2 g /orA 
56a 23 H — h — — . (30) 



6 6 6 12 

From degree 1 part of Ti ) iT2,i$(ti i o) |t=o— 0, we obtain 

q 1 7a 2 7a 3 ^ 7a 4 ^ 07 ag a 10 a 12 



9216 240 480 46080 144 72 48 16 13824 

«03 _ &16 _ a 17 _ a 18 _ 5aig ^ 19(220 0-21 0-22 1 , . 

1152 ~ 72 ~ 288 ~ 288 6 6 4 4~ 023 
5a 2 5 a 2 6 19a 2 g 5a 30 

~6~ ~6~ 24 ~2T' 1 j 

From degree 1 part of T2,o r 2,o < 3?( r i,i) \t=o= 0, we obtain 

661 (22 1 79(23 2 63(24 7(25 7(26 7(27 5<2s 5<2g 

' ~ 161280 ~ 96 ~ 1440 + 69120 + 4^ - M4 - M4 - M4 _ 144 
5aio au a-12 Q13 , a i5 



13ai6 


5a i7 


7ai 8 


5<220 

ai 9 3 


144 


144 


144 


7(228 

96 


7a 2 g 


a 30 




2 


6 ' 





144 144 768 1152 48 

_^ +528023 + ^ + l^_ 026 + ^ + T _ T . (32) 

Remark: We have also checked more than 18000 other combinations of derivatives 
of $ for the CP 1 case using a Mathematica program, but the relations obtained are just 
linear combinations of the relations (jlj) to (|32jl . This explicitly verifies that these relations 
are indeed consistent. 

2.3 Proof of Theorem IfO 

It is straightforward to solve a?, , . . . , 0,30 from equations (jlj) to ()32)1 . The answers are 

l 13 41 13 

0,2 = _ 252' ° 3 = 168' ° 4 = 21' "5 = 168 ' 

n __ J_ „ 23_ _ _^J_ 5_ 

"6 280' ai 5040' " 8 5040' " 9 1008' 

23 11 4 „ 2 



ai ° — 504' an — 140' ° 12 ~ 35' ° 13 — 105' 

„^_89_ n — L n — J- n — 23 

"14 210' 1^ 210' ^ 140' 140' 

„ = __3_ 1_ n = -i*L n = 5— 

"18 140 ; "19 44 8 o j "20 80 64> "21 2 240' 

n _ _J1_ n _ 1 n — L n — 3— 

"22 6720' 1X23 53760' a24 210' " 25 5760' 

1 15 1 

"26 = — "27 = — wilnj "28 = To? "29 ~~ 



(33) 



2688' 5040' 42' 3780' 

"30 = sfe- 

Together with equations (j3J) and (j2J), this proves equation ((H). □ 

We make the following observations about topological recursion relations of genus less 
than or equal to 3: 
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1. T(W) does not appear in the lower genus terms of the genus-g topological recursion 
relations for T 9 (W) when g = 1,2, 3. 



2. With the exception of a 2 5, all of the denominators in the coefficients of the genus-3 
topological recursion relation ((TJ) have a factor 7. We also note that the genus- 
2 topological recursion relations (i.e. Mumford's equation), have denominators in 
its coefficients of lower genus terms contain a factor of 10, while for the genus- 1 
topological recursion relation, the corresponding factor is 24. 

3. For g — 1, 2, 3, the coefficients of the terms consisting of purely genus-0 functions in 
the genus-g topological recursion relations are 

1 

(20 + 1)!! 89' 

We conjecture that this should also hold for all genera. 



3 A new relation in tautological ring of 

Note that equation (J2J) is a direct translation of a relation in the tautological ring of A^3,i 
with undetermined coefficients a%, ■ ■ -a^. Those coefficients were determined during the 
proof of topological recursion relation Therefore we have also obtained a proof to the 
following theorem: 

Theorem 3.1 In the tautological ring of M.^\, the following relation holds 



1 I _ 13 

®* °0 +84 ®* 



126 



+ 42 ^ 



41 | 13 
+ 21 ®* ° ® ~84 



+ 



1 



140 
47 



2520 



y ®- 



© ®- 



© O- 

23 



2520 
1 



105 



4 



®- 



© QC 



11 

+ 70 ^ 



-O- 



4 

35 



105 



®- 



4> 



© © O © 



+ 



70 



-© 
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In this formula, each stratum m M. g ^ n is represented by its dual graph. We adopt the 
conventions of s Ge2j for dual graphs with a slight modification. We denote vertices of 
genus by a hollow circle O, and vertices of genus g > 1 by ©. A vertex with an incident 
arrowhead denotes the ip class associated to the marked point (which is at a node) on the 
irreducible component associated to that vertex. 

Note that when translating relations in the tautological ring of M. g , n to Gromov- 
Witten invariants, we need to divide the coefficient of each stratum by the number of 
elements in the automorphism group of the corresponding dual graph. This explains the 
difference between the coefficients in this formula and those in equation (Q). 



4 Application to Higher Spin Curves 

We briefly review the moduli space of r-spin curves and r-spin theory. For details, we refer 
the reader to |JKVj . Let r > 2 be an integer. For each r, r-spin theory is a cohomological 
field theory, in the sense of Kontsevich-Manin, just as is the Gromov-Witten theory of a 
compact, symplectic manifold M. Consequently, the correlation functions in this theory 
satisfy the same universal equations as does Gromov-Witten theory. In particular, they 
satisfy the topological recursion relations, the string, and dilaton equations. However, 
there is no analog of the divisor equation but we will not need this. 

The role of the moduli space of stable maps is replaced by the moduli space of r- 
spin curves M- gn . Let [n] := { 0, ...,n} for any nonnegative integer n then we have 
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the disjoint union Ai gn := U a e[r-2] n M gn (ai). While the definition of an r-spin curve 
is rather involved, over a smooth stable curve (C;pi, . . . ,p n ) of genus g with n marked 
points when r is prime, a point in M. gn [a) consists of a line bundle £ — > C together with 
an isomorphism C® r — > u(— Y17=i a iVi) where ct = (cui, . . . , a n ) and to is the canonical 
bundle of C. For degree reasons, such a line bundle exists only if {2 — 2g + Xir=i a «)/ r 
is an integer. When r is not prime then one should introduce all d-th roots for all d 
which divides r. This moduli space admits a compactification which is a smooth Deligne- 
Mumford stack by allowing the bundles to degenerate over the nodes. There are also the 
tautological classes associated to the cotangent line at the marked points p^. When 
nonempty, the dimension of .M* ^(at) is the same as that of Ai g , n , namely 3g — 3 + n, 
since there are only a finite number of r-spin structures over a given stable curve. There 
is no analog in r-spin theory of the degree d of a stable map into a manifold so we will 
ignore this parameter. 

The virtual fundamental class in Gromov-Witten theory is replaced by the virtual 
class c 1/V , a cohomology class in H 2D (M l g ^ n (cx)) where D = £((r — 2){g — 1) + Yl7=i 
The analog of the cohomology ring of M is the vector space 7i with a basis {70 ... 7 r -2 } 
with the pairing r\ a p = 5 Q , +/ 3 jr _ 2 . The correlation functions are defined by 

(r n , 1 ( 7ai )r n2 ( 7a2 )...r„ fc ( 7a J) g :=r 1 ^ f U (J 

\i T \i r 

where [A^ gfe (o:)] denotes the fundamental class of the stack M. g k (a). 

As far as dimensional considerations are concerned, r-spin theory behaves as if it were 
Gromov-Witten theory of a manifold with real dimension 2(r — 2)/r and 7a behaves as if 
it were a cohomology class of dimension 2a /r for all a = 0, . . . , r — 2. 

Applying Theorem 10.11 and dimensional arguments, we obtain the following. 

Proposition 4.1 Let r > 2. In r-spin theory, the only possible nontrivial 1-point genus-3 
correlators are as follows: 

r = 2: (t 7) o) 3 = 

r = 3: (r 6 ,i> 3 = 3^ 

r = 4: (r 6i0 ) 3 = 

r = 5: All 1-point genus 3- correlators vanish for dimensional reasons. 

r — a. I T \ _ 2561 
u - V 5,4/3 20901888 

r > 7: ^5,4)3. Can be reduced to 5-point genus-0 correlators which can be calculated using 
the WDVV equation. 
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Furthermore, when r = 3, the only possible nontrivial 2-point correlators are 



( r 7j0 r 0)1 > 3 = 1/15552, ( T 6fi T ltl ) 3 = 19/77760, ( r 5fi r 2A > 3 = 47/77760, 

( r 4 ,or 3 .i > 3 = 67/77760, ( r 3 ,or 4 ,i ) 3 = 443/77760, ( r 2) oT 5 ,i ) 3 = 103/217728, 

(n,oT6,i) 3 = 5/31104, (r , T 7 , 1 ) 3 = 1/31104. 

Remark 4.2 When r = 3, our results for (t7 ) oTq ) i) 3 and (tq j i) 3 both agree with the 

-i/ 3 

results of Shadrin IShf who calculated them by studying the geometry of M. 3n . He also 
showed that both of these numbers were consistent with the 3-rd KdV hierarchy as predicted 
by the generalized Witten conjecture. 



Appendix 

A Gromov- Witten invariants of CP 1 used to deter- 
mine the genus-3 topological recursion relation 

We need the following Gromov- Witten invariants of CP 1 which are obtained using Gath- 
mann's program based on the Virasoro constraints. 
Genus-1 invariants: 

= < T 3>o>i,i = 0, Ki*2,o>i,i = V8, <tJ > 1>1 = -1/6, (r 2A ) 1A = 1/24. 
Genus-2 invariants: 

< r? tl > 2 = 0, ( r hl T 2>Q ) 2 = 7/1920, < r 2 2 ) 2 Q = -5/288, 
( TV ) 2)0 = 7/5760, ( r 3 , ) 2>0 = -1/240, < )^ = 0, 

< r^r^o ) 21 = 0, ( r^rl, ), x = 1/32, < r^r^ ) 2 1 = 17/64, 

< <o > 2 x = V6, < > 2 x = 0, ( ra.iTa.ora,; ) 2>1 = 1/192, 

< r 2 2 r 2 ,; > 2 x = 23/576, < > 2 : = 1/576, < rf^o > 2 1 = 0, 
(ri,ir 2 , r 3 ,i) 2il = 1/32, < r 2 2 r 3 ,o > 2 x = 11/96, (t 2)1 t 3j0 ) 2) i = 1/192, 

< ) 2 1 = 29/1440, ( t 1a t 3A ) 2 ' 1 = 0, ( r 2 ,oT 3)1 >^ = 1/192, 
( r lia r4,i ) 2 ! = 1/384, ( r 2>0 r 4 ,o ) 2 x = 41/2880, ( r 4 ,i ) 2 , = 1/1920, 
(r 5 , ) 2J = 1/576. 
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Genus-3 invariants 

(n.i'fyi ) 3)0 = 0, 
(T4,i) 3j0 = -31/967680, 

(T-l,l r 2,l r 4,o)3.i = 1/9216, 

(72,17-4,1 > 3)1 = 1/46080, 
( 7-1,17-5,1 ) 3il = 0, 

(t 6) i} 31 = 1/322560. 



(T-l,l r 2,0^2,l ) 3)0 = 0, 

(7-2,1X3,0)3,0 = -31/96768, 
(72,qT3,i) 3 ' = -31/96768, 
(r 5 , ) 3>0 = 41/290304, 
(r 3 ,ir 4i o) 3il = 1/9216, 
(T3,oT4,i> 31 = 1/9216, 
(ra^i)^ = 1/15360, 



<7-I )0 7-2,i> 30 = -31/10752, 
( r| ) 30 = 1501/725760, 
(n, 17-4,0)30 = -31/193536, 

<-|l>3,l- ' 

(7f,o74,i) 31 = 7/5760, 
( r 2 ,ir 5) o ) 3f i = 19/138240, 
( ri,ir 6 ,o > 3 ! = 1/46080, 



All other invariants needed to determine the genus-3 topological recursion relation can 
be computed from the string, dilaton, divisor equations, and the 0-point invariants 



( )o,i = 1, 



Oi,o = 0. 
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